Suction caissons are increasingly used in offshore energy production to moor floating facilities in deep water. The holding capacity of a suction caisson is dependent on the angle of the mooring line and is often described in terms of a vertical-horizontal (VH) load interaction diagram, or failure envelope. These envelopes have commonly been defined by numerical methods using deterministic soil parameters, ignoring the natural spatial variability of seabed sediments. In this paper, spatial variability is modelled using a random field and coupled with finite element analysis to obtain a probabilistic characterisation of holding capacity. The increase of strength with depth that is characteristic of a marine clay is taken into account. A non-parametric approach using kernel density estimation is presented for constructing probabilistic VH failure envelopes that allow an appropriate envelope, associated with an acceptable level of risk, to be selected for design. A study of the autocorrelation distance, a quantity often difficult to obtain accurately in practice, has shown that the vertical autocorrelation distance has a much greater influence on the variability of holding capacity than the horizontal and should be carefully chosen in offshore applications.
Introduction
Development of offshore energy resources now regularly occurs in waters exceeding 1000m in depth and the trend towards deep water production has led to much interest in the analysis of anchoring systems [1] . As water depths increase, structures that rest on the seabed and rely on traditional gravity or pile foundations become impractical and moored floating units make greater economic sense. Recently, suction caissons (also known as suction anchors) have received significant attention due to a low cost, accurate and environmentally-friendly installation process, which combines penetration by self-weight and by a pressure differential generated from pumping water out of the caisson.
Once installed, the direction of the load applied to a suction caisson is determined by the mooring arrangement. For catenary moorings, the load is at a shallow angle to the horizontal.
In deep water, caissons are increasingly employed in taut-line mooring arrangements where the applied load is either inclined or close to vertical [2] . Knowledge of caisson response under combinations of vertical and horizontal load is therefore required to assess holding capacity.
Zdravkovic et al. [3] used a finite element (FE) method to describe the shape of the verticalhorizontal (VH) load interaction diagrams, or failure envelopes, under various caisson aspect ratios and soil anisotropy. A simple ellipsoidal expression for the VH failure envelopes was presented by Supachawarote et al. [4] , again based on FE results. Plastic limit formulations have been developed by Randolph and House [5] and Aubeny et al. [6] to assess capacity under combined VH loading. More recent FE analyses have considered installation effects [7] .
However, these studies have all considered a deterministic system in which the mechanical behaviour of the soil is described by parameters assigned a specific value. In reality soil is a naturally complex material, having been formed by a range of physical and chemical processes, and the values of engineering parameters are spatially variable. Uncertainty is therefore an integral part of geotechnical design.
A limited number of studies of the reliability of suction caissons subject to uncertainty in loads and capacity have been undertaken. Clukey et al. [8] considered catenary and tautleg moorings in which system uncertainty was described in a simplified manner by including random variables, for example undrained shear strength s u , in empirically-derived expressions for lateral and axial capacity. A First-Order Reliability Method (FORM) was used with a linear limit state function to define failure. A design code based on similar analyses has been produced by Dahlberg et al. [9] . A more detailed reliability study has recently been presented by SilvaGonzález et al. [10] , with a variety of sources of uncertainty included in a FORM analysis.
Whilst methods such as FORM are useful for quantifying the reliability of a suction caisson at a design point corresponding to a specified limit state function, the spatial variability of the soil is not modelled explicitly and mechanical behaviour is overlooked. Consideration of the spatial variation of soil properties has been shown to affect both capacity and failure mechanisms in a range of geotechnical scenarios such as simple bearing capacity problems and slope failures [e.g. 11, 12] .
In this paper, the holding capacity of a suction caisson in a spatially variable undrained clay subjected to combined VH loading is assessed. The increase of strength with depth typical of marine clays is taken into account. Spatial variability is modelled using a random field representation of soil strength parameters. This is coupled with an FE analysis, meaning that the failure mechanism and ultimate capacity is a direct and natural result of the spatial variation of soil parameters. A method for constructing probabilistic VH failure envelopes, allowing the results of the probabilistic capacity analysis to be easily used in design, is demonstrated. Finally a study of the effect of autocorrelation distance, a quantity often difficult to obtain accurately in practice, has been undertaken.
Computational framework
The computational framework consists of two parts: (a) generation of a random field and (b) an FE analysis of VH capacity. The method is non-intrusive, meaning that the FE solver is treated as a 'black-box' with no modifications to the code. The stochastic response is obtained by Monte Carlo simulation. This involves repeatedly generating a random field and passing the realisation to the deterministic FE solver to calculate the VH capacity.
The non-intrusive scheme is in contrast with intrusive formulations [e.g. 13] , where stochastic terms are included in the stiffness matrix. As the FE code is unchanged, powerful commercial software may be used allowing complex geometries and constitutive models to be handled in a straightforward way. All that is required is a mapping of the random field to the FE program. In this paper a stochastic mesh, separate from the FE mesh, is used for this purpose. The random field is discretised into a collection of random variables at the nodes of the stochastic mesh, which consists of bilinear quadrilateral elements. Shape functions are then used to interpolate the values of the random field to the Gauss points of the FE mesh.
Spatial variability of undrained shear strength
The undrained shear strength, s u , is generally used to determine suction caisson capacity in undrained conditions and therefore in this study the spatial variability of s u will be considered.
It is convenient to assume that the fluctuations in value of a parameter across a soil mass are randomly occurring. Spatial variability can then be modelled using a random field. To simplify the treatment of random fields an assumption of homogeneity is regularly made, whereby in the case of a Gaussian random the field the mean and variance are constant with depth [14] .
In deep water locations, deposition occurs slowly and the typically fine-grained sediments have in general not been subjected to additional vertical stresses. These normally consolidated soils therefore commonly exhibit an increasing shear strength with depth [1]. This creates an additional challenge in simulating spatial variability because the mean, and often the variance, of s u is not constant across the soil mass and so cannot be modelled using a homogeneous random field. However, the undrained shear strength can be related to the vertical effective stress (σ ′ v ) and overconsolidation ratio (OCR) as follows [15] :
where r and m are constants. In a normally consolidated soil the OCR is equal to 1, and in this case r is the undrained shear strength ratio (r = s u /σ 
where γ ′ is the effective unit weight and z is the depth below the mudline. Phoon and Kulhawy [22] reported that the typical coefficient of variation (COV) of unit weight is very low, generally less than 0.1. Hence it is reasonable to consider γ ′ as deterministic. Given that σ ′ v increases with z, the variation in the increase of undrained shear strength with depth may be simulated by considering r as a homogeneous random field [16] . Here, s u,m is taken as a deterministic value.
The mean (µ s u ) and standard deviation (σ s u ) of s u may be written as follows:
where µ r and σ r are respectively the mean and standard deviation of r. From Eqs. 3 and 4, it is apparent that both µ s u and σ s u are dependent upon the vertical effective stress. The increase in standard deviation of s u with depth has been observed by Lumb [17] in a normally consolidated marine clay.
Generation of random field
Physically, s u cannot take a negative value. The ratio r therefore cannot be represented as a Gaussian random field. A lognormal PDF is defined only for values greater than zero and was identified by Lacasse and Nadim ( [18] as an appropriate distribution for the undrained shear strength ratio. If (x, y) denotes spatial position, a lognormal random field of r may be generated as follows:
And so,
where µ L,r is the mean of ln(r), σ L,r is the standard deviation of ln(r) and G(x, y) is a standard homogeneous Gaussian random field of zero mean and unit variance.
Here, the Karhunen-Loeve (KL) expansion is used to produce standard Gaussian random fields. The KL expansion of the zero mean random field G(x, y) is:
where ψ and λ are the eigenfunctions and eigenvalues from a spectral decomposition of a prescribed autocorrelation function, ρ G , and ξ is a set of independent standard Gaussian random variables. The infinite sum in Eq. 7 must be truncated in practice and in this study the number of retained terms is chosen so as to capture at least 95% of the variability of G(x, y). An exponential autocorrelation function is used for ln(r):
where L x and L y are the autocorrelation distances in the x-and y-directions respectively. Analytical solutions are available for the eigenfunctions and eigenvalues of this autocorrelation function (Ghanem and Spanos, 2003) . It is important to note that the autocorrelation distances of s u are the same as those of r (Wu et al., 2012) .
Finite element model
The finite element code Plaxis 2D [25] is used for the deterministic simulations. A plane strain model of a suction caisson was created based on the hypothetical problem analysed by
Andresen et al. [20] , which in turn was taken from the comprehensive study by Andersen et al. . This leads to a pure translation failure mechanism and an optimal capacity envelope. The location of (Z cl ) has been studied by Supachawarote et al. (2004) , who found that the ratio Z cl /L that results in optimum capacity is around 2/3, and varies only marginally with loading angle. This was reflected in a parametric study undertaken to locate the optimal values of Z cl and Z p at each loading angle.
The same Z p is used in both deterministic and stochastic simulations, since moving the load application point for each realisation of undrained shear strength would be impractical.
The failure load at each angle is denoted Q β , and is composed of horizontal (H) and vertical Undrained shear strength at the mudline, s u,m , is 0.1kPa and s u increases with depth according to:
As γ ′ is taken as 8kN/m 3 , and referring to Eq. (3), the mean of r is calculated as µ r = 1.25/8 = 0.156. The coefficient of variance of r(COV r ) is chosen to be 0.2, which is a typical value based on observations of the variability of s u and the undrained shear strength ratio by Phoon and
Kulhawy [22] and Lacasse and Nadim [18] .
A domain of size 50m × 20m (10D x 4D) is used to avoid boundary effects. The finite element mesh is shown in Fig. 2 , where boundary conditions are also indicated, and consists of 15-node triangular elements. Monte Carlo simulation requires numerous deterministic runs and consequently a balance must be found between computation time and solution accuracy.
A mesh of 4578 nodes was found to overestimate capacity by no more than 1.5% compared to a mesh of over 50,000 nodes whilst the calculation executed significantly faster. This level of discretisation error is seen as acceptable considering the importance that must be given to computation time in stochastic applications. The extremely fine mesh (>50,000 nodes) resulted in a horizontal capacity of 228kN/m, matching that reported by by Andresen et al. [20] .
Failure envelopes are presented in normalised form, allowing the plane strain results to be related to the three-dimensional (3D) conditions encountered in practice. Fig. 3 shows the normalised deterministic failure envelope and compares with closed-form expressions derived in other numerical studies, including full 3D FE analyses. Good agreement can be observed between plane strain conditions and the other FE analyses, particularly when the horizontal load component is large. The plane strain model appears to underestimate the normalised capacity when the loading is predominately vertical but the difference is relatively minor and does not affect the main purpose of this study, namely the effect of spatial variability on the failure envelope.
Results and discussion
The spatial variability of s u is illustrated in Figs. 4 and 5. Fig. 4 shows the increase of s u with depth for a vertical cross section of two random field realisations with different vertical autocorrelation distances; the deterministic profile is equivalent to the mean of the stochastic simulations. The increase of σ s u with depth results in greater variability deeper into the clay.
The effect of a longer L y is also clearly seen, with fluctuations around the mean occurring less frequently.
Considering the two-dimensional model, in the deterministic case presented in Fig. 5(a) , 
Monte Carlo simulations
Initially, 1000 simulations were run using an isotropic correlation distance of L x = L y =1m. normalised by the uniaxial deterministic capacities (V * det and H * det ) and the deterministic failure envelope is also shown. The general shape of the envelope is maintained when the spatial variation of the undrained shear strength is considered although 'crossing over' of the failure envelopes does occur, particularly at a loading angle of 45 o when the interaction of V and H loading begins to affect horizontal capacity (i.e. H < H * ). Depending on load inclination, the difference between deterministic and stochastic capacity may be as much as ± 15%. It is worth repeating that this is solely due to fluctuation of undrained shear strength around a defined trend, the natural scenario in the field.
where n is the number of simulations, Q β,i refers to the ultimate load in the i-th simulation and COV Q β = σ Q β /µ Q β . For comparison, Fig. 7(a) shows the mean of the stochastic capacity normalised by the deterministic capacity, Q β,det . It is clear that after initial oscillations both the mean and COV converge to a relatively constant value. Similar convergence was observed for higher moments (skewness and kurtosis), so it is reasonable to assume that the response PDF has been well-captured by the Monte Carlo simulations.
In addition, bootstrap resampling can be used to estimate confidence bounds for statistics derived from a limited number of observations of an unknown PDF [24] . The method involves randomly drawing, with replacement, a set of 'bootstrap' samples from the set of observations and empirically constructing a confidence interval. Here, 95% confidence intervals are generated by the bootstrap method with 10,000 samples. Table 1 shows the values of mean and standard deviation of Q β at each load inclination, together with the associated bootstrap confidence intervals. The mean stochastic capacity is always less than the deterministic, by 2-3%. One factor that may influence this result is that in a spatially variable soil the caisson is likely to rotate a small amount when subject to loading whereas the deterministic model is set up so as to prevent rotation. The 95% confidence intervals bracket the statistics very closely, indicating a high level of certainty may be placed in the reported values. The COV shows that the variability is very similar around the failure envelope.
Probabilistic failure envelopes
A description of the stochastic response of the suction caisson using mean and standard deviation does not allow for a straightforward design interpretation; it would be of more use to compare known design loads with a failure envelope associated with a known level of risk, such as the probability that the failure load will fall inside that envelope. Probabilistic failure envelopes were first constructed by Cassidy et al. [27] for strip footings by ranking clusters of failure points and using an empirical estimate of the probability of occurrence.
Here, probabilistic failure envelopes can be defined by observing that the ultimate capacity at each loading angle β is a random variable, denoted Q β as before. The Monte Carlo simulations produce samples from the unknown PDF of each load probe. The probabilistic envelopes are then constructed directly from the CDF of each random variable, F Q β . It is necessary to obtain a capacity F Q β ,p such that for a given probability p:
If Q is the collection of random variables Q β , i.e. Q = {Q 0 , Q 30 , · · · , Q 90 }, the probabilistic VH failure envelope Q p is constructed componentwise by:
with each Q β,p consisting of horizontal and vertical load components, H β,p and V β,p . The probabilistic failure envelope corresponding to p is therefore the envelope on which there is a probability p that the ultimate capacity of the suction caisson will occur on or inside that envelope.
In practice a suitable value of p might then be a low quantile, such as 5%, which would be in line with recommendations for characteristic values of resistance parameters in, for example, Eurocode 7 [28] and the offshore design guidance document DNV-RP-C207 [29] .
Kernel density estimation (KDE) is used to obtain the CDFs in each loading direction. The robust and optimal KDE method of Botev et al. [30] is applied. A non-parametric technique is appropriate as it avoids the need to assume a response distribution, which may be different in each loading direction. The advantage of using a KDE-derived CDF rather than the empirical version is that the CDF must be a continuous and strictly increasing function in order to obtain unique values of Q β,p from Eq. (13). These conditions are not satisfied by the empirical CDF, as shown in Fig. 8 . This is particularly true at the tails of the distribution, which are likely to be of practical interest. No closed-form solution is available for the estimated CDF and so Eq.
(13) is solved by evaluating values of the CDF on a fine one-dimensional grid (at 4096 points in this case) and using interpolation if required. Fig. 9 shows probabilistic VH failure envelopes for the isotropic autocorrelation L x = L y = 1m. It can be seen that the probabilistic envelopes have a similar shape to the deterministic case, which is to be expected considering the relative uniformity of shape observed in Fig. 6 . The 50% envelope represents the median, and at all points is inside the deterministic envelope by 2-3%. It can be seen that the deterministic envelope is very close to the 75% envelope, meaning there is a probability of approximately 75% that the holding capacity of the caisson will be less than or equal to the deterministic capacity if the spatial variation of s u is considered. This illustrates the importance of including the inherent spatial variability of soil properties in the design process.
Effect of autocorrelation distance
Phoon and Kulhawy [22] reported that there is a relatively limited amount of information available in literature on the autocorrelation structure of soil parameters when compared to other statistical properties, and this remains the case today. In particular there is a lack of data on horizontal correlation, most likely due to the fact that correlation in the vertical distance may be computed based on standard site investigation techniques such as cone penetration tests. It has also been noted that the sampling plan will affect autocorrelation distances [23] , bringing into question the validity of reported values.
This leads to the conclusion that in a typical design scenario the inherent variability of a soil, described by its second order statistics, can be reasonably well characterised but the autocorrelation distances may be less well known and may have to be assumed. A study of the effects of autocorrelation distance on the holding capacity of suction caissons has therefore been conducted. The autocorrelation function is assumed exponential, as defined by Eq. (8) . In view of the convergence observed in Fig. 7 , for cases other than L x = L y = 1m 500 Monte Carlo simulations were used to characterise the stochastic response; this allowed a wide-ranging study of autocorrelation distances to be undertaken. The bootstrap method is again used to construct 95% confidence intervals.
Isotropic autocorrelation
Four isotropic correlation distances have been considered: L x = L y = 1, 2, 5, and 8m (corresponding to 0.2D, 0.4D, D and 1.6D). The effect of autocorrelation on the uniaxial capacities is presented in Figure 10 (a), where it can be seen that the mean stochastic capacity is consistently less than the deterministic for all isotropic autocorrelation distances studied. The difference between deterministic and stochastic capacities is greater under vertical loading, but a correspondence is generally observed between the increase or decrease of µ H and µ V . It is notable that the minimum capacity occurs when L x = L y ≤ D (5m). This is perhaps comparable to the observation that the mean undrained bearing capacity of a strip footing is at a minimum when L x and L y are less than or equal to B, the footing width [11] , and also noticed in studies of drained bearing capacity [e.g. 31]. Fig. 10(b) shows that as the isotropic autocorrelation distance increases there is a corresponding increase in the COV of H * and V * capacities. This is likely to be due to the fact that for short autocorrelations, capacity is dependent on a spatial average over the failure zone due to the rapidly fluctuating areas of low and high strength soil. Conversely, for longer correlation distances, the failure zone may include large areas of strong or weak soil as illustrated in Fig.   5 , resulting in greater variability.
In addition, it can be seen that the COV of vertical capacity is greater than for horizontal loading, particularly for longer autocorrelation distances. This may be due to the different failure mechanisms for the two loading cases. Fig. 11 shows the failure mechanisms for horizontal and vertical loading in the deterministic case and two stochastic cases. The distribution of s u in each model corresponds to the realisations shown in Fig. 5 . Under horizontal loading, the failure mechanisms are similar in the deterministic model and in the two stochastic cases shown here, with only minor variations in the path taken by the shear plane. In contrast, when subjected to a vertical load the caisson fails through a symmetric reverse-end bearing mechanism in the deterministic model but in the stochastic cases it can be seen that the failure is non-symmetric.
As particularly evident in Fig. 11 for the case of anisotropic autocorrelation (L x = 10m, L y = 1m), the failure is governed by a shear plane on just one side, and the caisson rotates as it displaces. The failure mechanism under vertical loading therefore appears to have a much greater scope for variability compared to the horizontal case.
The implication for suction caisson design is more clearly seen by plotting the VH failure envelopes for each autocorrelation distance, as shown in Fig. 12 . The zone where the failure envelope can potentially fall is indicated by the position of the 1% and 99% envelopes. This zone widens significantly as L x and L y increase. For L x = L y ≥ 5m, the failure envelope could be reduced in size by as much as 20% compared to a deterministic analysis. For a given design load with a defined PDF, the consequence is that the probability of failure will increase as the potential failure zone widens.
The probabilistic envelopes are very similar in shape across all autocorrelation distances.
Similarly, the envelopes tend to be equally spaced around the median (the 50% envelope), suggesting that each percentile increment corresponds to an approximately equal increase in capacity. It is notable that the probability that the real failure envelope will occur on or inside the deterministic envelope actually reduces as the isotropic autocorrelation distance increases
Anisotropic autocorrelation
The autocorrelation distance of soil properties in the horizontal direction is likely to be greater than in the vertical direction. Values reported in literature suggest the difference is generally an order of magnitude [18] . To observe the effect of anisotropic autocorrelation of undrained shear strength on the VH capacity of a suction caisson the vertical autocorrelation was fixed at 1m (0.2D) and the horizontal autocorrelation varied from 10 to 40m (2D to 8D).
The results for uniaxial loading are shown in Fig. 13 . As for the isotropic cases, the mean capacity is lower than the deterministic, with a greater difference between mean and deterministic capacity being observed when loading is in the vertical direction. As the horizontal autocorrelation distance is extended from 10 to 20m there is a slight increase in the mean capacity.
However, beyond 20m the mean capacity remains essentially constant. the COV of both H * and V * capacity tends to increase with horizontal autocorrelation distance and the COV of vertical capacity is again higher than in the horizontal case. Overall, it is more difficult to identify a clear relationship between the horizontal autocorrelation distance and the statistics of the uniaxial caisson capacity than for the isotropic autocorrelations, when the vertical autocorrelation distance is also changed.
Probabilistic VH failure envelopes for the anisotropic autocorrelation cases are presented in This is compared with the large differences observed if L x = L y (Fig. 12) , and suggests that the vertical autocorrelation distance, L y , has more influence on the variance of the failure envelope than the horizontal. The general profile of shear strength increasing with depth may be disrupted by longer vertical autocorrelations, allowing areas of high or low strength soil to permeate vertically through the soil mass. The vertical autocorrelation distance is therefore of great importance if an envelope associated with a low probability of occurrence must be identified for design.
Conclusions
A probabilistic analysis of the combined VH capacity of a suction caisson in a normally consolidated undrained clay has been undertaken. The inherent spatial variation of undrained shear strength and the increasing strength with depth that characterise normally consolidated marine deposits are modelled by a random field. This is combined with a deterministic finite element analysis without modification to the finite element code beyond a mapping of the values of random soil parameters. The failure mechanism is therefore a direct result of the random field distribution of undrained shear strength.
VH failure envelopes were produced by loading the suction caisson through a range of angles and Monte Carlo simulation has been used to characterise the probabilistic response. Since this response is unknown prior to analysis, a non-parametric approach was adopted and the method outlined is therefore applicable to any scenario. By using kernel density estimation, probabilistic VH failure envelopes may be produced by inverting the CDF at each loading angle.
This enables construction of probabilistic failure envelopes that correspond to the probability, p, that the combination of vertical and horizontal loads that cause failure, Q β , is less than or equal to Q β,p , i.e. p = P(Q β ≤ Q β,p ). An appropriate envelope, associated with a clear level of risk, can then be selected for use in design.
A study of the effects of the autocorrelation distance of undrained shear strength has shown that the mean probabilistic capacity remains lower than the deterministic capacity regardless of autocorrelation distance. The variability of the holding capacity increases with the autocorrelation distance, in both isotropic and anisotropic cases. Importantly, the vertical autocorrelation distance has a much greater influence on the variability of the VH response than the horizontal distance. Therefore the value of L y must be chosen carefully if this procedure is used to construct probabilistic VH failure envelopes.
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